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New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I’ve introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))



Chapter 1

Categories

Axiom has 3 main algebra components, Categories, Domains, and Packages. If we make an
analogy to dressmaking, you can consider the Categories to be hierarchies of properties of
things, like patterns, colors, or fabrics. Domains are instances of things based on category
choices, such as a dress with a particular style, fabric, color, etc. Packages are tools that
work with dresses such as irons, sewing machines, etc.

Axiom is based on abstract algebra and uses it as a scaffolding for constructing well-formed
algebra. For instance, in abstract algebra there is a strict subset hierarchy, like:

Commutative Ring

l

Integral Domain

l

Unique Factorization Domain

l

Principal 1deal Domain

l

Euclidean Domain

l

Field

— algebrahierarchy.dotpic —

digraph pic {
fontsize=10;
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bgcolor="#ECEA81";
node [shape=box, color=white, style=filled];

"Commutative Ring"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=COMRING"] ;
"Integral Domain"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=INTDOM"];
"Unique Factorization Domain"
[color=lightblue,href="bookvol10.2.pdf#nameddest=UFD"];
"Principal Ideal Domain"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=PID"];
"Euclidean Domain"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=EUCDOM"] ;
"Field"
[color=lightblue,href="bookvol10.2.pdf#nameddest=FIELD"];

"Commutative Ring" -> "Integral Domain"

"Integral Domain" -> "Unique Factorization Domain"
"Unique Factorization Domain" -> "Principal Ideal Domain"
"Principal Ideal Domain" -> "Euclidean Domain"

"Euclidean Domain" -> "Field"

CATEGORIES



Chapter 2

Category Layer 1

In general, we use several colors in the graph images. The “lightblue” color indicates a
category that is in the direct inheritance path. The “green” (#00EE00) color indicates a
category or domain used in the exports. The “seagreen” (a dark green, indicates a category
or domain which is used but does not correspond to the signature of an existing category.
The system can infer that this “subsumption node” matches the category. A “yellow” color
indicates a domain.

2.0.1 Category (CATEGORY)
Category

This is the root of the category hierarchy and is not represented by code.

See:

= “ArcHyperbolicFunctionCategory” (AHYP) on page
“ArcTrigonometricFunctionCategory” (ATRIG) 2.0.3 on page [
“BasicType” (BASTYPE) on page [14]

“CoercibleTo” (KOERCE) on page [I7]
“CombinatorialFunctionCategory” (CFCAT) [Z0.7] on page
“ConvertibleTo” (KONVERT) [Z0.8 on page 23]
“ElementaryFunctionCategory” (ELEMFUN) on page
“Eltable” (ELTAB) 2Z0.10 on page

“FullyEvalableOver” (FEVALAB) [£.0.44] on page
“HyperbolicFunctionCategory” (HYPCAT) X011 on page
“InnerEvalable” (IEVALAB) on page

S I R A A



e

CHAPTER 2. CATEGORY LAYER 1

“Logic” (LOGIC) on page

“OpenMath” (OM) [Z0.13l on page

“Partial TranscendentalFunctions” (PTRANFN) X014l on page
“Patternable” (PATAB) on page [47]
“PrimitiveFunctionCategory” (PRIMCAT) on page
“RadicalCategory” (RADCAT) [Z0.17 on page
“RetractableTo” (RETRACT) [Z0.1I8 on page
“SpecialFunctionCategory” (SPFCAT) on page
“TrigonometricFunctionCategory” (TRIGCAT) on page [63]
“Type” (TYPE) 2021 on page

S R A

— CATEGORY.dotabb —

"CATEGORY"
[color=1ightblue,href="bookvol10.2.pdf#nameddest=CATEGORY"] ;

— CATEGORY.dotfull —

"Category"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=CATEGORY"];

— CATEGORY.dotpic —

digraph pic {

fontsize=10;

bgcolor="#ECEA81";

node [shape=box, color=white, style=filled];

"Category" [color=lightbluel];
}



2.0.2 ArcHyperbolicFunctionCategory (AHYP)

ArcHyperbolicFunctionCategory()

Category

— ArcHyperbolicFunctionCategory.input —

)set break resume

)sys rm -f ArcHyperbolicFunctionCategory.output
)spool ArcHyperbolicFunctionCategory.output
)set message test on

)set message auto off

)clear all

S 1of 1

)show ArcHyperbolicFunctionCategory

--R ArcHyperbolicFunctionCategory is a category constructor

--R Abbreviation for ArcHyperbolicFunctionCategory is AHYP

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.2.pamphlet to see algebra source code for AHYP

- Operations —----—-—————————————————————————
--R acosh : % > % acoth : % -> %

--R acsch : % -> % asech : % -> %

--R asinh : % —> % atanh : % —> %

--R

--E 1

) spool

)1lisp (bye)

— ArcHyperbolicFunctionCategory.help —

ArcHyperbolicFunctionCategory examples

See Also:
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o )show ArcHyperbolicFunctionCategory

See:

= “TranscendentalFunctionCategory” (TRANFUN) B.0.35 on page [I17]
< “Category” (CATEGORY) 2.0.T] on page Bl

Exports:

acosh acoth acsch asech asinh atanh

These are directly exported but not implemented:

acosh : % -> %
acoth : % > %
acsch : % —> %
asech : % —> %
asinh : % > %
atanh : % -> %

— category AHYP ArcHyperbolicFunctionCategory —

)abbrev category AHYP ArcHyperbolicFunctionCategory

++ Category for the inverse hyperbolic trigonometric functions
++ Author: 777

++ Date Created: 777

++ Date Last Updated: 14 May 1991

++ Description:

++ Category for the inverse hyperbolic trigonometric functions;

ArcHyperbolicFunctionCategory(): Category == with
acosh: $ -> $ ++ acosh(x) returns the hyperbolic arc-cosine of x.

acoth: -> ++ acoth(x) returns the hyperbolic arc-cotangent of x.
acsch: -> § ++ acsch(x) returns the hyperbolic arc-cosecant of x.
asech: ++ asech(x) returns the hyperbolic arc-secant of x.

++ asinh(x) returns the hyperbolic arc-sine of x.
++ atanh(x) returns the hyperbolic arc-tangent of x.

asinh:
atanh:

©#H P B L P
|
v

¥ P B &L B

— AHYP.dotabb —

IIAHYP n
[color=1lightblue,href="bookvol10.2.pdf#nameddest=AHYP"];



"AHYP" -> "CATEGORY"

— AHYP.dotfull —
"ArcHyperbolicFunctionCategory()"

[color=1lightblue,href="bookvol1l0.2.pdf#nameddest=AHYP"];
"ArcHyperbolicFunctionCategory()" -> "Category"

— AHYP.dotpic —
digraph pic {
fontsize=10;
bgcolor="#ECEA81";
node [shape=box, color=white, style=filled];

"ArcHyperbolicFunctionCategory()" [color=lightblue];
"ArcHyperbolicFunctionCategory()" -> "Category"

"Category" [color=lightblue];
}

2.0.3 ArcTrigonometricFunctionCategory (ATRIG)

ArcTrigonometricFunctionCategory()

Category

The asec and acsc functions were modified to include an intermediate test to check that
the argument has a reciprocal values.
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— ArcTrigonometricFunctionCategory.input —

)set break resume

)sys rm -f ArcTrigonometricFunctionCategory.output
)spool ArcTrigonometricFunctionCategory.output
)set message test on

)set message auto off

)clear all

-——S1of 1

)show ArcTrigonometricFunctionCategory

--R ArcTrigonometricFunctionCategory is a category constructor

--R Abbreviation for ArcTrigonometricFunctionCategory is ATRIG

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.2.pamphlet to see algebra source code for ATRIG

- Operations —--—---—-—-—-——————————————m o
--R acos : % > % acot : % > %

--R acsc : %h > % asec : %h > %

--R asin : % —> % atan : % -> Y%

--R

--E 1

) spool

)1lisp (bye)

— ArcTrigonometricFunctionCategory.help —

ArcTrigonometricFunctionCategory examples

See Also:
o )show ArcTrigonometricFunctionCategory

See:

= “TranscendentalFunctionCategory” (TRANFUN) B.0.35 on page [[17]
< “Category” (CATEGORY) 2.0.1] on page Bl

Exports:

acos acot acsc asec asin atan



These are directly exported but not implemented:

acos : % > %
acot : % > %
asin : % -> %
atan : % —> %

These are implemented by this category:

acsc : % > %
asec : % —> %

— category ATRIG ArcTrigonometricFunctionCategory —

)abbrev category ATRIG ArcTrigonometricFunctionCategory
++ Category for the inverse trigonometric functions

++ Author: 777

++ Date Created: 777

++ Date Last Updated: 14 May 1991

++ Description:

++ Category for the inverse trigonometric functions;

ArcTrigonometricFunctionCategory(): Category == with
acos: $§ > §$ ++ acos(x) returns the arc-cosine of x.
acot: $§ > § ++ acot(x) returns the arc-cotangent of x.
acsc: $§ > $ ++ acsc(x) returns the arc-cosecant of x.
asec: $ > §$ ++ asec(x) returns the arc-secant of x.
asin: $ > §$ ++ asin(x) returns the arc-sine of x.
atan: $§ -> $ ++ atan(x) returns the arc-tangent of x.
add
if $ has Ring then
asec(x) ==
(a := recip x) case "failed" => error "asec: no reciprocal"
acos(a::$)
acsc(x) ==
(a := recip x) case "failed" => error "acsc: no reciprocal"

asin(a::$)

— ATRIG.dotabb —

"ATRIG"
[color=1lightblue,href="bookvol10.2.pdf#nameddest=ATRIG"];
"ATRIG" -> "CATEGORY"
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— ATRIG.dotfull —
"ArcTrigonometricFunctionCategory()"

[color=1lightblue,href="bookvol10.2.pdf#nameddest=ATRIG"];
"ArcTrigonometricFunctionCategory()" -> "Category"

— ATRIG.dotpic —
digraph pic {
fontsize=10;
bgcolor="#ECEA81";
node [shape=box, color=white, style=filled];

"ArcTrigonometricFunctionCategory()" [color=lightblue];
"ArcTrigonometricFunctionCategory ()" -> "Category"

"Category" [color=lightbluel;
}

2.0.4 AttributeRegistry (ATTREG)

AttributeRegistry()

Category

See:

< “Category” (CATEGORY) 2.0.Tl on page
Exports: Nothing

CATEGORY LAYER 1
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Attributes Exported:

e finiteAggregate is true if it is an aggregate with a finite number of elements.

”

e commutative(“*”) is true if it has an operation ” *” : (D,D)— > D which is

commutative.

e shallowlyMutable is true if its values have immediate components that are update-
able (mutable). Note that the properties of any component domain are irrevelant to
the shallowlyMutable proper.

e unitsKnown is true if a monoid (a multiplicative semigroup with a 1) has unitsKnown
means that the operation recip can only return “failed” if its argument is not a unit.

e leftUnitary is true if 1 x x = z for all x.
e rightUnitary is true if x x 1 = z for all x.
e noZeroDivisors is true if x x y # 0 implies both x and y are non-zero.

e canonicalUnitNormal is true if we can choose a canonical representative for each
class of associate elements, that is associates?(a,b) returns true if and only if
unitCanonical(a) = unitCanonical(b).

e canonicalsClosed is true if
unitCanonical(a)*unitCanonical (b) = unitCanonical(a*xb).

e arbitraryPrecision means the user can set the precision for subsequent calculations.

e partiallyOrderedSet is true if a set with < which is transitive, but not(a < b or
a = b) does not necessarily imply b < a.

e central is true if, given an algebra over a ring R, the image of R is the center of
the algebra, i.e. the set of members of the algebra which commute with all others is
precisely the image of R in the algebra.

e noetherian is true if all of its ideals are finitely generated.

e additiveValuation implies
euclideanSize(a*b)=euclideanSize (a)+euclideanSize(b).

e multiplicativeValuation implies
euclideanSize(a*b)=euclideanSize (a)*euclideanSize(b).

e NullSquare means that [z, 2] = 0 holds. See LieAlgebra.
e Jacobildentity means that [z, [y, z]]+ [y, [z, 2]] + [z, [%, y]] = 0 holds. See LieAlgebra.

e canonical is true if and only if distinct elements have distinct data structures. For
example, a domain of mathematical objects which has the canonical attribute means
that two objects are mathematically equal if and only if their data structures are equal.
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e approximate means “is an approximation to the real numbers”.

e complex means that this domain has v/—1

— category ATTREG AttributeRegistry —

)abbrev category ATTREG AttributeRegistry
++ Description:
++ This category exports the attributes in the AXIOM Library

AttributeRegistry(): Category == with

finiteAggregate
++ \spad{finiteAggregate} is true if it is an aggregate with a
++ finite number of elements.

commutative ("*")
++ \spad{commutative("*")} is true if it has an operation
++ \spad{"*": (D,D) -> D} which is commutative.

shallowlyMutable
++ \spad{shallowlyMutable} is true if its values
++ have immediate components that are updateable (mutable).
++ Note that the properties of any component domain are irrevelant
++ to the \spad{shallowlyMutable} proper.

unitsKnown
++ \spad{unitsKnown} is true if a monoid (a multiplicative semigroup
++ with a 1) has \spad{unitsKnown} means that
++ the operation \spadfun{recip} can only return "failed"
++ if its argument is not a unit.

leftUnitary

++ \spad{leftUnitary} is true if \spad{l * x = x} for all x.
rightUnitary

++ \spad{rightUnitary} is true if \spad{x * 1 = x} for all x.
noZeroDivisors

++ \