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XXiv CONTENTS

New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I’ve introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))



Chapter 1

Chapter Overview

This book contains the domains in Axiom, in alphabetical order.

Each domain has an associated ’dotpic’ chunk which only lists the domains, categories, and
packages that are in the layer immediately below in the build order. For the full list see the
algebra Makefile where this information is maintained.

Each domain is preceded by a picture. The picture indicates several things. The colors
indicate whether the name refers to a category, domain, or package. An ellipse means that
the name refers to something in the bootstrap set. Thus,
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Chapter 2

Chapter A

2.1 domain AFFPL AffinePlane

— AffinePlane.input —

)set break resume

)sys rm -f AffinePlane.output
)spool AffinePlane.output
)set message test on

)set message auto off

)clear all

--S 1 o0f 1

)show AffinePlane

--R AffinePlane K: Field is a domain constructor

--R Abbreviation for AffinePlane is AFFPL

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for AFFPL

- Operations —----—-—-—————————————————————————
--R ?7=? : (%,%) -> Boolean affinePoint : List K -> %

--R coerce : List K -> ¥ coerce : % -> List K

--R coerce : % -> OutputForm conjugate : % -> %

--R definingField : % -> K degree : J, —> PositiveInteger

--R 7.7 : (%,Integer) -> K hash : ) -> Singlelnteger

--R latex : % -> String list : % -> List K

--R orbit : % -> List % origin : () -> %

--R pointValue : % -> List K rational? : ) -> Boolean

--R setelt : (J%,Integer,K) -> K ?7=? : (%,%) -> Boolean

--R conjugate : (%,NonNegativeInteger) -> %
--R orbit : (%,NonNegativeInteger) -> List %
--R rational? : (J,NonNegativeInteger) -> Boolean

3
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--R removeConjugate : List % -> List %

--R removeConjugate : (List %,NonNegativeInteger) -> List %
--R

--E 1

) spool
)1lisp (bye)

— AffinePlane.help —

AffinePlane examples

See Also:
o )show AffinePlane

2.1.1 AffinePlane (AFFPL)

AFFPL

AFFSP

Exports:

— domain AFFPL AffinePlane —

)abbrev domain AFFPL AffinePlane

++ Author: Gaetan Hache

++ Date Created: 17 nov 1992

++ Date Last Updated: May 2010 by Tim Daly

CHAPTER A
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++ Description:

++ The following is all the categories and domains related to projective

++ space and part of the PAFF package
AffinePlane (K) :Exports Implementation where

K:Field
Exports ==> AffineSpaceCategory(K)
Implementation ==> AffineSpace(2,K)

— AFFPL.dotabb —

"AFFPL" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AFFPL"];
"AFFSP" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AFFSP"];

"AFFPL" -> "AFFSP"

2.2 domain AFFPLPS AffinePlaneOverPseudoAlgebraic-

ClosureOfFiniteField

— AffinePlaneOverPseudoAlgebraicClosureOfFiniteField.input —

)set break resume

)sys rm -f AffinePlaneOverPseudoAlgebraicClosureOfFiniteField.output
)spool AffinePlaneOverPseudoAlgebraicClosure0fFiniteField.output

)set message test on
)set message auto off
)clear all

--S1of 1

)show AffinePlaneOverPseudoAlgebraicClosureOfFiniteField

is a domain constructor

--R AffinePlaneOverPseudoAlgebraicClosureOfFiniteField K: FiniteFieldCategory

--R Abbreviation for AffinePlaneOverPseudoAlgebraicClosureOfFiniteField is AFFPLPS
--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for AFFPLPS

--R

--R-————————— Operations ---—----————————————————————————
--R ?=? : (%,%) -> Boolean coerce : % -> OutputForm

--R conjugate : % -> % degree : Y —-> PositiveInteger
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--R hash : % -> SingleInteger latex : J -> String
--R orbit : % -> List % origin : () -> ¥
--R rational? : % -> Boolean ?77=? : (%,%h) —> Boolean

--R affinePoint : List PseudoAlgebraicClosureOfFiniteField K -> ¥
--R coerce : List PseudoAlgebraicClosureOfFiniteField K -> ¥

--R coerce : % -> List PseudoAlgebraicClosureOfFiniteField K

--R conjugate : (% ,NonNegativeInteger) -> %

--R definingField : % -> PseudoAlgebraicClosureOfFiniteField K
--R 7.7 : (%,Integer) -> PseudoAlgebraicClosure0fFiniteField K
--R list : % -> List PseudoAlgebraicClosure0OfFiniteField K

--R orbit : (%,NonNegativeInteger) -> List %

--R pointValue : % -> List PseudoAlgebraicClosureOfFiniteField K
--R rational? : (J,NonNegativeInteger) -> Boolean

--R removeConjugate : List % -> List %

--R removeConjugate : (List %,NonNegativeInteger) -> List %

--R setelt : (%,Integer,PseudoAlgebraicClosureOfFiniteField K) -> PseudoAlgebraicClosureOfFi

) spool
)1lisp (bye)

— AffinePlaneOverPseudoAlgebraicClosureOfFiniteField.help —

0000

AffinePlaneOverPseudoAlgebraicClosure0OfFiniteField examples

See Also:
o )show AffinePlaneOverPseudoAlgebraicClosure0OfFiniteField
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2.2.1 AffinePlaneOverPseudoAlgebraicClosureOfFiniteField (AFF-

PLPS)
AFFPLPS
AFFPL
Exports:
7.7 7=7 ?77=7 affinePoint  coerce
conjugate definingField degree hash latex
list orbit origin  pointValue rational?

removeConjugate  setelt

— domain AFFPLPS AffinePlaneOverPseudoAlgebraicClosureOfFinite-
Field —

)abbrev domain AFFPLPS AffinePlaneOverPseudoAlgebraicClosureOfFiniteField

++ Author: Gaetan Hache

++ Date Created: 17 nov 1992

++ Date Last Updated: May 2010 by Tim Daly

++ Description:

++ The following is all the categories and domains related to projective

++ space and part of the PAFF package

AffinePlaneOverPseudoAlgebraicClosure0fFiniteField(K) :Exports == Impl where
K:FiniteFieldCategory

KK ==> PseudoAlgebraicClosure0fFiniteField(K)
Exports ==> AffineSpaceCategory (KK)

Impl ==> AffinePlane(KK)

— AFFPLPS.dotabb —

"AFFPLPS" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AFFPLPS"];
"AFFPL" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AFFPL"];
"AFFPLPS" -> "AFFPL"
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2.3 domain AFFSP AffineSpace

— AffineSpace.input —

)set break resume

)sys rm -f AffineSpace.output
)spool AffineSpace.output
)set message test on

)set message auto off

)clear all

-——S 1 of 1

)show AffineSpace

--R AffineSpace(dim: NonNegativeInteger,K: Field) is a domain constructor
--R Abbreviation for AffineSpace is AFFSP

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for AFFSP
--R

--R—- ---- Operations -----——-----—————————————————————
--R ?=?7 : (%,%) —-> Boolean affinePoint : List K -> %

--R coerce : List K -> 7 coerce : / —> List K

--R coerce : % -> OutputForm conjugate : % -> %

--R definingField : % -> K degree : Y, —> PositiveInteger

--R 7.7 : (%,Integer) -> K hash : J, -> SingleInteger

--R latex : % -> String list : % -> List K

--R orbit : % -> List % origin : () -> %

--R pointValue : % -> List K rational? : % -> Boolean

--R setelt : (%,Integer,K) -> K ?7=? : (%,%) —-> Boolean

--R conjugate : (%,NonNegativeInteger) -> ¥

--R orbit : (%,NonNegativeInteger) -> List %

--R rational? : (J,NonNegativeInteger) -> Boolean

--R removeConjugate : List % -> List %

--R removeConjugate : (List %,NonNegativeInteger) -> List %
--R

--E 1

) spool
)1lisp (bye)

— AffineSpace.help —
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AffineSpace examples

See Also:
o )show AffineSpace

2.3.1 AffineSpace (AFFSP)

AFFSP

/N

PACPERC FPC

Exports:
7.7 7=7 ?77=" affinePoint  coerce
conjugate definingField degree hash latex
list orbit origin  pointValue rational?

removeConjugate setelt
— domain AFFSP AffineSpace —

)abbrev domain AFFSP AffineSpace

++ Author: Gaetan Hache

++ Date Created: 17 nov 1992

++ Date Last Updated: May 2010 by Tim Daly

++ Description:

++ The following is all the categories and domains related to projective

++ space and part of the PAFF package

AffineSpace(dim,K) :Exports == Implementation where
dim:NonNegativeInteger
K:Field

LIST ==> List
NNI ==> NonNegativeIlnteger

Exports ==> AffineSpaceCategory(K)
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Implementation ==> List(K) add
Rep:= List(X)
origin== new(dim,0$K)$List (K)

coerce(pt:%) :OutputForm ==
dd:0utputForm:= ":" :: OutputForm
1llout:List (OutputForm) :=[ hconcat(dd, a::OutputForm) for a in rest ptl
lout:= cons( (first pt)::OutputForm , llout)
out:= hconcat lout
oo:=paren(out)
ee:0utputForm:= degree(pt) :: OutputForm
oo*x*ee

definingField(pt)==
K has PseudoAlgebraicClosureOfPerfectFieldCategory =>
maxTower (pt pretend Rep)
1$K

degree(pt)==
K has PseudoAlgebraicClosureOfPerfectFieldCategory
extDegree definingField pt
1

l
\4

coerce(pt:%) :List(K) == pt pretend Rep

affinePoint (pt:LIST(K))==
pt :: %

list(ptt)==
ptt pretend Rep

pointValue(ptt)==
ptt pretend Rep

conjugate(p,e)==
1lp:Rep:=p
pc:List(K) :=[c**e for ¢ in 1p]
affinePoint (pc)
rational?(p,n)== p=conjugate(p,n)

rational?(p)==rational?(p,characteristic()$K)
removeConjugate(l)==removeConjugate(l,characteristic()$K)
removeConjugate(1:LIST (%) ,n:NNI):LIST(%)==

if K has FiniteFieldCategory then
allconj:LIST(%) :=empty()
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conjrem:LIST(%) :=empty ()
for p in 1 repeat
if “member?(p,allconj) then

conjrem:=cons (p,conjrem)
allconj:=concat(allconj,orbit(p,n))

conjrem

else
error "The field is not finite"

conjugate (p)==conjugate (p,characteristic () $K)
orbit (p)==orbit(p,characteristic()$K)

orbit(p,e)==
if K has FiniteFieldCategory then
1:LIST(%) :=[p]
np:’%:=conjugate(p,e)
flag:="(np=p): :Boolean
while flag repeat
1l:=concat(np,1)
np:=conjugate(np,e)
flag:=not (np=p)::Boolean
1
else
error "Cannot compute the conjugate"

aa:% = bb:} ==
aa =$Rep bb

coerce(pt:LIST(K))==
~(dim=#pt) => error "Le point n’a pas la bonne dimension"
ptt:%:= pt
ptt

— AFFSP.dotabb —

"AFFSP" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AFFSP"];
"PACPERC" [color=lightblue,href="bookvol10.2.pdf#nameddest=PACPERC"];
"FPC" [color=lightblue,href="bookvoll0.2.pdf#nameddest=FPC"];

"AFFSP" -> "FPC"

"AFFSP" -> "PACPERC"

11
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2.4 domain ALGSC AlgebraGivenByStructuralConstants

— AlgebraGivenByStructuralConstants.input —

)set break resume

)sys rm -f AlgebraGivenByStructuralConstants.output
)spool AlgebraGivenByStructuralConstants.output
)set message test on

)set message auto off

)clear all

-——S 1 of 1
)show AlgebraGivenByStructuralConstants

--R AlgebraGivenByStructuralConstants(R: Field,n: Positivelnteger,ls: List Symbol,gamma:

--R Abbreviation for AlgebraGivenByStructuralConstants is ALGSC

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for ALGSC
--R

--R-—- ---- Operations --—-——-——-————————————————————————
--R 7%?7 : (SquareMatrix(n,R),%) -> % %7 : (R, %) > %

--R 7*? : (%,R) -> % %7 o (%,h) > %

--R 7*? : (Integer,%) -> % ?*? : (Positivelnteger,%) -> %
--R 7*x7 : (J,PositiveInteger) -> ?+7 2 (%, h) > %

-=R 7-7 : (4,0 > % -t h >

--R 7=? : (%,%) —-> Boolean 0: 0O —>%

--R alternative? : () -> Boolean antiAssociative? : () -> Boolean
--R antiCommutative? : () -> Boolean antiCommutator : (%,%) -> %

--R apply : (Matrix R,%) -> % associative? : () -> Boolean

--R associator : (%h,%,%h) —> % basis : () -> Vector Y%

--R coerce : Vector R -> % coerce : % —> OutputForm

--R commutative? : () -> Boolean commutator : (%,%) -> %

--R convert : Vector R -> convert : % -> Vector R

--R coordinates : % -> Vector R 7.7 : (%,Integer) -> R

--R flexible? : () -> Boolean hash : % -> Singlelnteger

--R jacobiIdentity? : () -> Boolean jordanAdmissible? : () -> Boolean
--R jordanAlgebra? : () -> Boolean latex : % -> String

--R leftAlternative? : () -> Boolean leftDiscriminant : () -> R

--R leftDiscriminant : Vector % -> R leftNorm : % -> R

--R leftTrace : % -> R leftTraceMatrix : () -> Matrix R
--R lieAdmissible? : () -> Boolean lieAlgebra? : () -> Boolean

--R powerAssociative? : () -> Boolean rank : () -> Positivelnteger

--R represents : Vector R -> rightAlternative? : () -> Boolean
--R rightDiscriminant : () -> R rightDiscriminant : Vector % -> R
--R rightNorm : % -> R rightTrace : % -> R

--R rightTraceMatrix : () -> Matrix R sample : () -> %

--R someBasis : () -> Vector % zero? : % —> Boolean

--R 77=?7 : (%,%) —> Boolean
--R 7*?7 : (NonNegativelInteger,%) -> %

Vec:
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--R associatorDependence : () -> List Vector R if R has INTDOM

--R conditionsForIdempotents : () -> List Polynomial R

--R conditionsForIdempotents : Vector % -> List Polynomial R

--R coordinates : Vector J -> Matrix R

--R coordinates : (Vector %,Vector %) -> Matrix R

--R coordinates : (%,Vector %) -> Vector R

--R leftCharacteristicPolynomial : % -> SparseUnivariatePolynomial R

--R leftMinimalPolynomial : % -> SparseUnivariatePolynomial R if R has INTDOM

--R leftPower : (%,PositiveInteger) -> %

--R leftRankPolynomial : () -> SparseUnivariatePolynomial Polynomial R if R has FIELD
--R leftRecip : % -> Union(%,"failed") if R has INTDOM

--R leftRegularRepresentation : % -> Matrix R

--R leftRegularRepresentation : (%,Vector %) -> Matrix R

--R leftTraceMatrix : Vector % -> Matrix R

--R leftUnit : () -> Union(%,"failed") if R has INTDOM

--R leftUnits : () -> Union(Record(particular: %,basis: List J),"failed") if R has INTDOM
--R noncommutativeJordanAlgebra? : () -> Boolean

--R plenaryPower : (%,Positivelnteger) -> %

--R recip : % -> Union(},"failed") if R has INTDOM

--R represents : (Vector R,Vector %) -> %

--R rightCharacteristicPolynomial : ) -> SparseUnivariatePolynomial R

--R rightMinimalPolynomial : % -> SparseUnivariatePolynomial R if R has INTDOM

--R rightPower : (%,Positivelnteger) ->

--R rightRankPolynomial : () -> SparseUnivariatePolynomial Polynomial R if R has FIELD
--R rightRecip : % -> Union(},"failed") if R has INTDOM

--R rightRegularRepresentation : % -> Matrix R

--R rightRegularRepresentation : (%,Vector %) -> Matrix R

--R rightTraceMatrix : Vector % -> Matrix R

--R rightUnit : () -> Union(%,"failed") if R has INTDOM

--R rightUnits : () -> Union(Record(particular: %,basis: List %),"failed") if R has INTDOM
--R structuralConstants : () -> Vector Matrix R

--R structuralConstants : Vector % -> Vector Matrix R

--R subtractIfCan : (%,%) -> Union(%,"failed")

--R unit : () -> Union(%,"failed") if R has INTDOM

) spool
)1lisp (bye)

— AlgebraGivenByStructuralConstants.help —

AlgebraGivenByStructuralConstants examples

See Also:
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o )show AlgebraGivenByStructuralConstants

2.4.1 AlgebraGivenByStructuralConstants (ALGSC)

ALGSC

Exports:
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0

antiAssociative?
antiCommutator
associative?
associatorDependence
coerce

commutator

convert

flexible?
jacobildentity?
jordanAlgebra?

left Alternative?
leftDiscriminant
leftNorm
leftRankPolynomial
leftRegularRepresentation
leftTraceMatrix
leftUnits

lieAlgebra?
plenaryPower

rank

represents
rightCharacteristicPolynomial
rightMinimalPolynomial
rightPower

rightRecip

rightTrace

rightUnit

sample
structuralConstants
unit

757

747

-7

7.7

77

— domain ALGSC AlgebraGivenByStructuralConstants —

alternative?
antiCommutative?

apply

associator

basis

commutative?
conditionsForldempotents
coordinates

hash

jordanAdmissible?

latex
leftCharacteristicPolynomial
leftMinimalPolynomial
leftPower

leftRecip

leftTrace

leftUnit

lieAdmissible?
noncommutativeJordanAlgebra?
powerAssociative?

recip

right Alternative?
rightDiscriminant
rightNorm
rightRankPolynomial
rightRegularRepresentation
rightTraceMatrix
rightUnits

someBasis

subtractIfCan

zero?

7RX?

7-7

7=7

?77="

)abbrev domain ALGSC AlgebraGivenByStructuralConstants
++ Authors: J. Grabmeier, R. Wisbauer

++ Date Created: 01 March 1991

++ Date Last Updated: 22 January 1992

++ Basic Operatioms:

++ Related Constructors:
++ Also See:

++ AMS Classifications:

15
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CHAPTER 2. CHAPTER A

Keywords: algebra, structural constants
Reference:
R.D. Schafer: An Introduction to Nonassociative Algebras
Academic Press, New York, 1966
Description:
AlgebraGivenByStructuralConstants implements finite rank algebras
over a commutative ring, given by the structural constants \spad{gamma}
with respect to a fixed basis \spad{[al,..,anl}, where
\spad{gamma} is an \spad{n}-vector of n by n matrices
\spad{[(gammaijk) for k in 1..rank()]} defined by
\spad{ai * aj = gammaijl * al + ... + gammaijn * an}.
The symbols for the fixed basis
have to be given as a list of symbols.

ebraGivenByStructuralConstants(R:Field, n : PositiveInteger,_
s : List Symbol, gamma: Vector Matrix R ): public == private where
==> Vector
==> Matrix
==> Integer
NI ==> NonNegativelnteger
EC ==> Record(particular: Union(V R,"failed"),basis: List V R)
SMP ==> LinearSystemMatrixPackage(R,V R,V R, M R)

-public ==> FramedNonAssociativeAlgebra(R) with
ublic ==> Join(FramedNonAssociativeAlgebra(R), _
LeftModule(SquareMatrix(n,R)) ) with

coerce : Vector R -> Y
++ coerce(v) converts a vector to a member of the algebra
++ by forming a linear combination with the basis element.
++ Note: the vector is assumed to have length equal to the
++ dimension of the algebra.

private ==> DirectProduct(n,R) add

Rep := DirectProduct(n,R)

xy  h

dp : DirectProduct(n,R)

v : VR

recip(x) == recip(x)$FiniteRankNonAssociativeAlgebra_&(%,R)
(m:SquareMatrix(n,R))*(x:%) == apply((m :: Matrix R),x)
coerce v == directProduct(v) :: %

structuralConstants() == gamma
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coordinates(x) == vector(entries(x :: Rep)$Rep)$Vector(R)

coordinates(x,b) ==
--not (maxIndex b = n) =>

-- error("coordinates: your ’basis’ has not the right length")

m : NonNegativeInteger := (maxIndex b) :: NonNegativeInteger
transitionMatrix : Matrix R := new(n,m,0$R)$Matrix(R)
for i in 1..m repeat
setColumn_! (transitionMatrix,i,coordinates(b.i))
res : REC := solve(transitionMatrix,coordinates(x))$LSMP
if (not every?(zero?$R,first res.basis)) then

error("coordinates: warning your ’basis’ is linearly dependent")

(res.particular case "failed") =>

17

error("coordinates: first argument is not in linear span of second argument")

(res.particular) :: (Vector R)
basis() == [unitVector(i::PositiveInteger)::% for i in 1..n]
someBasis() == basis()$}
rank() == n

elt(x,i) == elt(x:Rep,i)$Rep

coerce(x:%) :OutputForm ==
zero?(x::Rep)$Rep => (O$R) :: OutputForm
le : List OutputForm := nil
for i in 1..n repeat
coef : R := elt(x::Rep,i)
not zero?(coef)$R =>
-= one?(coef)$R =>
((coef) = 1)$R =>

-- sy : OutputForm := elt(ls,i)$(List Symbol) :: OutputForm

le := cons(elt(ls,i)$(List Symbol) :: OutputForm, le)
le := cons(coef :: OutputForm * elt(ls,i)$(List Symbol)_
:: OutputForm, le)
reduce("+",1le)

X *x y ==
v : Vector R := new(n,0)
for k in 1..n repeat
h:R:=0

for i in 1..n repeat
for j in 1..n repeat
h :=h +$R elt(x,i) *$R elt(y,j) *$R elt(gamma.k,i,j )
v.k :=h
directProduct v
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alternative?() ==
for i in 1..n repeat
-- expression for check of left alternative is symmetric in i and j:
-- expression for check of right alternative is symmetric in j and k:
for j in 1..i-1 repeat
for k in j..n repeat
-- right check
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res -

(elt(gamma.l,j,k)+elt(gamma.l,k,j))*elt(gamma.r,i,1)+_
(elt(gamma.l,i,j)*elt(gamma.r,l,k) + elt(gamma.l,i,k)*_
elt(gamma.r,1,j) )
not zero? res =>
messagePrint ("algebra is not right alternative")$0OutputForm
return false
for j in i..n repeat
for k in 1..j-1 repeat
-- left check
for r in 1..n repeat
res := O$R
for 1 in 1..n repeat
res := res + _
(elt(gamma.l,i,j)+elt(gamma.l,j,i))*elt(gamma.r,1,k)-_
(elt(gamma.l,j,k)*elt(gamma.r,i,1) + elt(gamma.l,i,k)*_
elt(gamma.r,j,1) )
not (zero? res) =>
messagePrint ("algebra is not left alternative")$OutputForm
return false

for k in j..n repeat
-- left check
for r in 1..n repeat
res := O$R
for 1 in 1..n repeat
res := res + _
(elt(gamma.l,i,j)+elt(gamma.l,j,i))*elt(gamma.r,1,k)-_
(elt(gamma.l,j,k)*elt(gamma.r,i,1l) + elt(gamma.l,i,k)*_
elt(gamma.r,j,1) )
not (zero? res) =>
messagePrint ("algebra is not left alternative")$OutputForm
return false
-- right check
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res -

(elt(gamma.l,j,k)+elt(gamma.l,k,j))*elt(gamma.r,i,1)+_
(elt(gamma.l,i,j)*elt(gamma.r,l,k) + elt(gamma.l,i,k)*_
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elt(gamma.r,1,j) )
not (zero? res) =>
messagePrint ("algebra is not right alternative")$OutputForm
return false

messagePrint ("algebra satisfies 2*associator(a,b,b) = 0 = 2*associator(a,a,b) = 0")$0utputForm
true

—-- should be in the category, but is not exported
-- conditionsForIdempotents b ==

- n := rank()
- --gamma : Vector Matrix R := structuralConstants b
- listOfNumbers : List String := [STRINGIMAGE(q)$Lisp for q in 1..n]

- symbolsForCoef : Vector Symbol :=

- [concat ("%", concat("x", i))::Symbol for i in listOfNumbers]
- conditions : List Polynomial R := []

- for k in 1..n repeat

- xk := symbolsForCoef.k

- p : Polynomial R := monomial( - 1$Polynomial(R), [xk], [1] )
- for i in 1..n repeat

- for j in 1..n repeat

- xi := symbolsForCoef.i

- xj := symbolsForCoef.j
- p := p + monomial(_
- elt((gamma.k),i,j) :: Polynomial(R), [xi,xjl, [1,1])
- conditions := cons(p,conditions)
- conditions
associative?() ==

for i in 1..n repeat

for j in 1..n repeat
for k in 1..n repeat
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res + elt(gamma.l,i,j)*elt(gamma.r,l,k)-_

elt(gamma.l,j,k)*elt(gamma.r,i,1)
not (zero? res) =>
messagePrint ("algebra is not associative")$OutputForm
return false
messagePrint ("algebra is associative")$0utputForm
true

antiAssociative?() ==
for i in 1..n repeat
for j in 1..n repeat
for k in 1..n repeat
for r in 1..n repeat
res := O$R
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for 1 in 1..n repeat
res := res + elt(gamma.l,i,j)*elt(gamma.r,l,k)+_
elt(gamma.l, j,k)*elt(gamma.r,i,1)
not (zero? res) =>
messagePrint("algebra is not anti-associative")$OutputForm
return false
messagePrint ("algebra is anti-associative")$OutputForm
true

commutative?() ==
for i in 1..n repeat
for j in (i+1)..n repeat
for k in 1..n repeat
not ( elt(gamma.k,i,j)=elt(gamma.k,j,i) ) =>
messagePrint ("algebra is not commutative")$OutputForm
return false
messagePrint ("algebra is commutative")$OutputForm
true

antiCommutative?() ==
for i in 1..n repeat
for j in i..n repeat
for k in 1..n repeat
not zero? (i=j => elt(gamma.k,i,i); elt(gamma.k,i,j)+elt(gamma.k,j,i) ) =>
messagePrint ("algebra is not anti-commutative")$OutputForm
return false
messagePrint ("algebra is anti-commutative")$OutputForm
true

leftAlternative?() ==
for i in 1..n repeat
-- expression is symmetric in i and j:
for j in i..n repeat
for k in 1..n repeat
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res + (elt(gamma.l,i,j)+elt(gamma.l,j,i))*elt(gamma.r,1l,k)-_

(elt(gamma.l,j,k)*elt(gamma.r,i,1l) + elt(gamma.l,i,k)*elt(gamma.r,j,1l) )
not (zero? res) =>
messagePrint ("algebra is not left alternative")$OutputForm
return false
messagePrint("algebra is left alternative")$0OutputForm
true

rightAlternative?() ==
for i in 1..n repeat
for j in 1..n repeat
-- expression is symmetric in j and k:
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for k in j..n repeat
for r in 1..n repeat
res := O$R
for 1 in 1..n repeat
res := res - (elt(gamma.l,j,k)+elt(gamma.l,k,j))*elt(gamma.r,i,1)+_
(elt(gamma.l,i,j)*elt(gamma.r,1,k) + elt(gamma.l,i,k)*elt(gamma.r,1,j) )
not (zero? res) =>
messagePrint ("algebra is not right alternative")$0OutputForm
return false
messagePrint ("algebra is right alternative")$0OutputForm
true

flexible?() ==
for i in 1..n repeat
for j in 1..n repeat
-- expression is symmetric in i and k:
for k in i..n repeat
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res + elt(gamma.l,i,j)*elt(gamma.r,l,k)-_

elt(gamma.l,j,k)*elt(gamma.r,i,1)+_
elt(gamma.l,k, j)*elt(gamma.r,1,i)-_
elt(gamma.l,j,i)*elt(gamma.r,k,1)
not (zero? res) =>
messagePrint ("algebra is not flexible")$0OutputForm
return false
messagePrint ("algebra is flexible")$0utputForm
true

lieAdmissible?() ==
for i in 1..n repeat
for j in 1..n repeat
for k in 1..n repeat
for r in 1..n repeat

res := O$R
for 1 in 1..n repeat
res := res_

+ (elt(gamma.l,i,j)-elt(gamma.l,j,i))*(elt(gamma.r,l,k)-elt(gamma.r,k,1)) _
+ (elt(gamma.l,j,k)-elt(gamma.l,k,j))*(elt(gamma.r,l,i)-elt(gamma.r,i,1)) _
+ (elt(gamma.l,k,i)-elt(gamma.l,i,k))*(elt(gamma.r,l,j)-elt(gamma.r,j,1))
not (zero? res) =>
messagePrint ("algebra is not Lie admissible")$OutputForm
return false
messagePrint ("algebra is Lie admissible")$OutputForm
true

jordanAdmissible?() ==
recip(2 * 1$R) case "failed" =>
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messagePrint ("this algebra is not Jordan admissible, as 2 is not invertible in the g
false
for i in 1..n repeat
for j in 1..n repeat
for k in 1..n repeat
for w in 1..n repeat
for t in 1..n repeat
res := O$R
for 1 in 1..n repeat
for r in 1..n repeat
res := res_
+ (elt(gamma.l,i,j)+elt(gamma.l,j,i))_
* (elt(gamma.r,w,k)+elt(gamma.r,k,w))_
* (elt(gamma.t,l,r)+elt(gamma.t,r,1))_
(elt(gamma.r,w,k)+elt(gamma.r,k,w)) _
* (elt(gamma.l,j,r)+elt(gamma.l,r,j))_
* (elt(gamma.t,i,l)+elt(gamma.t,1l,i))_
(elt(gamma.l,w,j)+elt(gamma.l,j,w))_
* (elt(gamma.r,k,i)+elt(gamma.r,i,k))_
* (elt(gamma.t,l,r)+elt(gamma.t,r,1))_
(elt(gamma.r,k,i)+elt(gamma.r,k,i)) _
* (elt(gamma.l,j,r)+elt(gamma.l,r,j))_
* (elt(gamma.t,w,l)+elt(gamma.t,l,w))_
(elt(gamma.l,k,j)+elt(gamma.l,j,k))_

* (elt(gamma.r,i,w)+elt(gamma.r,w,i))_
* (elt(gamma.t,l,r)+elt(gamma.t,r,1))_
- (elt(gamma.r,i,w)+elt(gamma.r,w,i))_

* (elt(gamma.l,j,r)+elt(gamma.l,r,j))_
* (elt(gamma.t,k,l)+elt(gamma.t,1l,k))
not (zero? res) =>
messagePrint ("algebra is not Jordan admissible")$OutputForm

+

+

return false
messagePrint ("algebra is Jordan admissible")$0OutputForm
true

jordanAlgebra?() ==
recip(2 * 1$R) case "failed" =>
messagePrint ("this is not a Jordan algebra, as 2 is not invertible in the ground rin
false
not commutative?() =>
messagePrint ("this is not a Jordan algebra")$OutputForm
false
for i in 1..n repeat
for j in 1..n repeat
for k in 1..n repeat
for 1 in 1..n repeat
for t in 1..n repeat
res := O$R
for r in 1..n repeat
for s in 1..n repeat
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res := res + _
elt(gamma.r,i,j)*elt(gamma.s,l,k)*elt(gamma.t,r,s) -
elt(gamma.r,l,k)*elt(gamma.s,j,r)*elt(gamma.t,i,s) +
elt(gamma.r,l,j)*elt(gamma.s,k,k)*elt(gamma.t,r,s) -
elt(gamma.r,k,i)*elt(gamma.s,j,r)*elt(gamma.t,1l,s) +
elt(gamma.r,k, j)*elt(gamma.s,i,k)*elt(gamma.t,r,s) -
elt(gamma.r,i,l)*elt(gamma.s,j,r)*elt(gamma.t,k,s)
not zero? res =>
messagePrint ("this is not a Jordan algebra")$0OutputForm
return false
messagePrint ("this is a Jordan algebra")$OutputForm
true

jacobiIdentity?() ==
for i in 1..n repeat
for j in 1..n repeat
for k in 1..n repeat
for r in 1..n repeat

res := O$R
for s in 1..n repeat
res := res + elt(gamma.r,i,j)*elt(gamma.s,j,k) +_

elt(gamma.r,j,k)*elt(gamma.s,k,i) +_
elt(gamma.r,k,i)*elt(gamma.s,i,j)
not zero? res =>
messagePrint ("Jacobi identity does not hold")$OutputForm
return false
messagePrint ("Jacobi identity holds")$OutputForm
true

— ALGSC.dotabb —

"ALGSC" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ALGSC"]
"FRNAALG" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FRNAALG"]
"ALGSC" -> "FRNAALG"

2.5 domain ALGFF AlgebraicFunctionField

— AlgebraicFunctionField.input —

)set break resume
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)sys rm -f AlgebraicFunctionField.output
)spool AlgebraicFunctionField.output
)set message test on

)set message auto off

)clear all

--S 1 of 1

)show AlgebraicFunctionField

--R AlgebraicFunctionField(F: Field,UP: UnivariatePolynomialCategory F,UPUP: UnivariatePolyn
--R Abbreviation for AlgebraicFunctionField is ALGFF

--R This constructor is not exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for ALGFF

--R

--R-—- ---- Operations -- -—= -
--R 7*7 : (Fraction UP,%) -> % ?%? : (%,Fraction UP) -> %

--R ?x? : (h,%h) > % ?*?7 : (Integer,%) -> %

--R 7*?7 : (Positivelnteger,%) -> % ?*x7 : (,PositiveInteger) -> 7
-=R 7+7 : (%, %) > % =7 (B > %

--R -? : % > % ?=? : (%,%) —-> Boolean

-R1: 0 —>1% 0: O —>1%

--R 777 : (%,PositiveInteger) -> basis : () -> Vector %

--R branchPoint? : UP -> Boolean branchPoint? : F -> Boolean

--R coerce : Fraction UP -> ¥ coerce : Integer ->

--R coerce : % -> OutputForm convert : UPUP -> 9,

--R convert : % -> UPUP convert : Vector Fraction UP -> ¥
--R convert : % -> Vector Fraction UP definingPolynomial : () -> UPUP
--R discriminant : () -> Fraction UP elt : (%,F,F) => F

--R generator : () -> % genus : () -> NonNegativelnteger
--R hash : % -> SinglelInteger integral? : (%,UP) -> Boolean

--R integral? : (%,F) -> Boolean integral? : % -> Boolean

--R integralBasis : () -> Vector % latex : % -> String

--R lift : % -> UPUP norm : % -> Fraction UP

--R one? : Y -> Boolean primitivePart : % -> ¥

--R ramified? : UP -> Boolean ramified? : F -> Boolean

--R rank : () -> Positivelnteger rationalPoint? : (F,F) -> Boolean
--R recip : % -> Union(%,"failed") reduce : UPUP -> %

--R represents : (Vector UP,UP) -> retract : % -> Fraction UP

--R sample : () -> % singular? : UP -> Boolean

--R singular? : F -> Boolean trace : % -> Fraction UP

--R zero? : % -> Boolean ?~=? : (%,%) —> Boolean

--R 7x? : (%,Fraction Integer) -> % if Fraction UP has FIELD
--R 7x?7 : (Fraction Integer,’) -> % if Fraction UP has FIELD
--R 7*?7 : (NonNegativelInteger,%) -> %

--R 7*x7 : (Y%,Integer) -> % if Fraction UP has FIELD

--R 7*x7 : (%,NonNegativeInteger) -> ¥

--R ?/?7 : (%,%) -> % if Fraction UP has FIELD

--R D : % -> % if Fraction UP has DIFRING and Fraction UP has FIELD or Fraction UP has FFIELI
--R D : (%,NonNegativeInteger) -> % if Fraction UP has DIFRING and Fraction UP has FIELD or
--R D : (%,Symbol) -> % if Fraction UP has FIELD and Fraction UP has PDRING SYMBOL

--R D (%,List Symbol) -> % if Fraction UP has FIELD and Fraction UP has PDRING SYMBOL
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(%,Symbol,NonNegativeInteger) -> % if Fraction UP has FIELD and Fraction UP has PDRING SYMBOL
(%,List Symbol,List NonNegativeInteger) -> % if Fraction UP has FIELD and Fraction UP has PDRINC
(%, (Fraction UP -> Fraction UP)) -> % if Fraction UP has FIELD

(%, (Fraction UP -> Fraction UP),NonNegativeInteger) -> % if Fraction UP has FIELD

?°? : (%,Integer) -> ¥ if Fraction UP has FIELD

?°7 : (%,NonNegativeInteger) -> ¥

absolutelyIrreducible? : () -> Boolean

algSplitSimple : (%,(UP -> UP)) -> Record(num: %,den: UP,derivden: UP,gd: UP)

associates? : (%,%) -> Boolean if Fraction UP has FIELD

branchPointAtInfinity? : () -> Boolean

characteristic : () -> NonNegativelnteger

characteristicPolynomial : % -> UPUP

charthRoot : % -> Union(%,"failed") if Fraction UP has CHARNZ

charthRoot : % -> ¥ if Fraction UP has FFIELDC

coerce : % —> % if Fraction UP has FIELD

coerce : Fraction Integer -> J if Fraction UP has FIELD or Fraction UP has RETRACT FRAC INT
complementaryBasis : Vector % -> Vector 7%

conditionP : Matrix % -> Union(Vector %,"failed") if Fraction UP has FFIELDC

coordinates : Vector ) -> Matrix Fraction UP

coordinates : % -> Vector Fraction UP

coordinates : (Vector %,Vector %) -> Matrix Fraction UP

coordinates : (%,Vector %) -> Vector Fraction UP

createPrimitiveElement : () -> % if Fraction UP has FFIELDC

derivationCoordinates : (Vector %, (Fraction UP -> Fraction UP)) -> Matrix Fraction UP if Fraction UF
differentiate : % -> % if Fraction UP has DIFRING and Fraction UP has FIELD or Fraction UP has FFIEIL
differentiate : (%,NonNegativeInteger) -> % if Fraction UP has DIFRING and Fraction UP has FIELD or
differentiate : (%,Symbol) -> % if Fraction UP has FIELD and Fraction UP has PDRING SYMBOL
differentiate : (%,List Symbol) -> % if Fraction UP has FIELD and Fraction UP has PDRING SYMBOL
differentiate : (%,Symbol,NonNegativeInteger) -> % if Fraction UP has FIELD and Fraction UP has PDRI
differentiate : (%,List Symbol,List NonNegativeInteger) -> % if Fraction UP has FIELD and Fraction U
differentiate : (%, (UP -> UP)) -> %

differentiate : (%, (Fraction UP -> Fraction UP)) -> % if Fraction UP has FIELD

differentiate : (%, (Fraction UP -> Fraction UP),NonNegativelnteger) -> % if Fraction UP has FIELD
discretelog : (A,%) -> Union(NonNegativeInteger,"failed") if Fraction UP has FFIELDC

discretelog : % -> NonNegativeInteger if Fraction UP has FFIELDC

discriminant : Vector J -> Fraction UP

divide : (%,%) -> Record(quotient: %,remainder: %) if Fraction UP has FIELD

elliptic : () -> Union(UP,"failed")

euclideanSize : J -> NonNegativeInteger if Fraction UP has FIELD

expressIdealMember : (List %,%) -> Union(List %,"failed") if Fraction UP has FIELD

exquo : (%,%) —-> Union(%,"failed") if Fraction UP has FIELD

extendedEuclidean : (%,%) -> Record(coefl: ¥,coef2: %,generator: %) if Fraction UP has FIELD
extendedEuclidean : (%,%,%) -> Union(Record(coefl: %,coef2: %),"failed") if Fraction UP has FIELD
factor : % -> Factored % if Fraction UP has FIELD

factors0fCyclicGroupSize : () -> List Record(factor: Integer,exponent: Integer) if Fraction UP has F
ged : (%,%) -> % if Fraction UP has FIELD

gcd : List % -> % if Fraction UP has FIELD

gcdPolynomial : (SparseUnivariatePolynomial %,SparseUnivariatePolynomial %) -> SparseUnivariatePolyr
hyperelliptic : () -> Union(UP,"failed")

index : PositiveInteger -> % if Fraction UP has FINITE

O ouUuo
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init : () -> % if Fraction UP has FFIELDC

integralAtInfinity? : % -> Boolean

integralBasisAtInfinity : () -> Vector %

integralCoordinates : % -> Record(num: Vector UP,den: UP)

integralDerivationMatrix : (UP -> UP) -> Record(num: Matrix UP,den: UP)
integralMatrix : () -> Matrix Fraction UP

integralMatrixAtInfinity : () -> Matrix Fraction UP

integralRepresents : (Vector UP,UP) -> ¥

inv : % -> % if Fraction UP has FIELD

inverseIntegralMatrix : () -> Matrix Fraction UP

inverseIntegralMatrixAtInfinity : () -> Matrix Fraction UP

knownInfBasis : NonNegativeInteger -> Void

lem : (%,%) -> % if Fraction UP has FIELD

lem : List % -> % if Fraction UP has FIELD

lookup : % —> PositiveInteger if Fraction UP has FINITE

minimalPolynomial : % -> UPUP if Fraction UP has FIELD

multiFuclidean : (List %,%) -> Union(List %,"failed") if Fraction UP has FIELD
nextItem : % -> Union(},"failed") if Fraction UP has FFIELDC

nonSingularModel : Symbol -> List Polynomial F if F has FIELD

normalizeAtInfinity : Vector % -> Vector 7%

number0fComponents : () -> NonNegativeInteger

order : Y -> OnePointCompletion PositiveInteger if Fraction UP has FFIELDC

order : Y -> Positivelnteger if Fraction UP has FFIELDC

prime? : % -> Boolean if Fraction UP has FIELD

primeFrobenius : % -> % if Fraction UP has FFIELDC

primeFrobenius : (%,NonNegativeInteger) -> J if Fraction UP has FFIELDC

primitive? : ¥ -> Boolean if Fraction UP has FFIELDC

primitiveElement : () -> % if Fraction UP has FFIELDC

principalIldeal : List % -> Record(coef: List %,generator: %) if Fraction UP has FIELD
?quo? : (%,%) -> % if Fraction UP has FIELD

ramifiedAtInfinity? : () -> Boolean

random : () -> % if Fraction UP has FINITE

rationalPoints : () -> List List F if F has FINITE

reduce : Fraction UPUP -> Union(},"failed") if Fraction UP has FIELD
reduceBasisAtInfinity : Vector % -> Vector %

reducedSystem : Matrix % -> Matrix Fraction UP

reducedSystem : (Matrix %,Vector %) -> Record(mat: Matrix Fraction UP,vec: Vector Fracti
reducedSystem : (Matrix %,Vector %) -> Record(mat: Matrix Integer,vec: Vector Integer) i:
reducedSystem : Matrix % -> Matrix Integer if Fraction UP has LINEXP INT
regularRepresentation : J -> Matrix Fraction UP

regularRepresentation : (%,Vector %) -> Matrix Fraction UP

?rem? : (%,%) —> % if Fraction UP has FIELD

representationType : () -> Union("prime",polynomial,normal,cyclic) if Fraction UP has FF
represents : Vector Fraction UP -> ¥

represents : (Vector Fraction UP,Vector %) -> %

retract : ) -> Fraction Integer if Fraction UP has RETRACT FRAC INT

retract : % -> Integer if Fraction UP has RETRACT INT

retractIfCan : % -> Union(Fraction UP,"failed")

retractIfCan : % -> Union(Fraction Integer,"failed") if Fraction UP has RETRACT FRAC INT
retractIfCan : % -> Union(Integer,"failed") if Fraction UP has RETRACT INT



2.5. DOMAIN ALGFF ALGEBRAICFUNCTIONFIELD 27

--R singularAtInfinity? : () -> Boolean

--R size : () -> NonNegativeInteger if Fraction UP has FINITE

--R sizelLess? : (%,%) -> Boolean if Fraction UP has FIELD

--R squareFree : % -> Factored % if Fraction UP has FIELD

--R squareFreePart : 7, -> ¥, if Fraction UP has FIELD

--R subtractIfCan : (%,%) -> Union(%,"failed")

--R tableForDiscretelLogarithm : Integer -> Table(PositivelInteger,NonNegativeInteger) if Fraction UP has
--R traceMatrix : () -> Matrix Fraction UP

--R traceMatrix : Vector % -> Matrix Fraction UP

--R unit? : % -> Boolean if Fraction UP has FIELD

--R unitCanonical : % -> % if Fraction UP has FIELD

--R unitNormal : % -> Record(unit: %,canonical: %,associate: %) if Fraction UP has FIELD
--R yCoordinates : % -> Record(num: Vector UP,den: UP)

) spool
)1lisp (bye)

— AlgebraicFunctionField.help —

AlgebraicFunctionField examples

See Also:
o )show AlgebraicFunctionField

2.5.1 AlgebraicFunctionField (ALGFF)

ALGFF

See
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= “RadicalFunctionField” (RADFF) [[9.11 on page 2153

Exports:
1
algSplitSimple
branchPoint?
characteristicPolynomial
complementaryBasis
coordinates
definingPolynomial
discreteLog
elliptic
expressldealMember
factor
gcedPolynomial
hash
init
integralBasis
integralDerivationMatrix
integralRepresents
inverselntegralMatrix AtInfinity
lem
minimalPolynomial
nonSingularModel
numberOfComponents
prime?
primitiveElement
ramified?
rank
recip
reducedSystem
represents
sample
size
squareFreePart
trace
unitCanonical
zero?
747
7="

?/7

0

associates?
branchPoint AtInfinity?
charthRoot

conditionP
createPrimitiveElement
derivationCoordinates
discriminant

elt

exquo
factorsOfCyclicGroupSize
generator

hyperelliptic

integral?
integralBasisAtInfinity
integralMatrix

inv

knownlInfBasis

lift

multiEuclidean

norm

one?

primeFrobenius
primitivePart

ramified AtInfinity?
rationalPoint?

reduce
regularRepresentation
retract

singular?

sizeLess?
subtractIfCan
traceMatrix
unitNormal

7%

?-7

77

?7quo?
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absolutelylrreducible?
basis

characteristic

coerce

convert

D

differentiate

divide

euclideanSize
extendedEuclidean
ged

genus

index

integral AtInfinity?
integralCoordinates
integralMatrix AtInfinity
inverselntegralMatrix
latex

lookup

nextltem
normalizeAtInfinity
order

primitive?
principalldeal
random
rationalPoints
reduceBasisAtInfinity
representationType
retractIfCan
singularAtInfinity?
squareFree
tableForDiscreteLogarithm
unit?

yCoordinates

Faaals

-7

?77=7

?rem?

— domain ALGFF AlgebraicFunctionField —

)abbrev domain ALGFF AlgebraicFunctionField

++ Author: Manuel Bronstein
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++ Date Created: 3 May 1988

++ Date Last Updated: 24 Jul 1990

++ Keywords: algebraic, curve, function, field.
++ Description:

++ Function field defined by f(x, y) = 0.

AlgebraicFunctionField(F, UP, UPUP, modulus): Exports == Impl where
F : Field
UP : UnivariatePolynomialCategory F
UPUP : UnivariatePolynomialCategory Fraction UP
modulus: UPUP

N  ==> NonNegativelnteger

Z  ==> Integer

RF ==> Fraction UP

QF ==> Fraction UPUP

UP2 ==> SparseUnivariatePolynomial UP

SAE ==> SimpleAlgebraicExtension(RF, UPUP, modulus)

INIT ==> if (deref brandNew?) then startUp false

Exports ==> FunctionFieldCategory(F, UP, UPUP) with
knownInfBasis: N -> Void
++ knownInfBasis(n) is not documented

Impl ==> SAE add
import ChangeOfVariable(F, UP, UPUP)
import InnerCommonDenominator(UP, RF, Vector UP, Vector RF)
import MatrixCommonDenominator (UP, RF)
import UnivariatePolynomialCategoryFunctions2(RF, UPUP, UP, UP2)

startUp : Boolean -> Void
vect : Matrix RF -> Vector $
getInfBasis: () -> Void

brandNew?:Reference(Boolean) := ref true
infBr?:Reference(Boolean) := ref true
discPoly:Reference(RF) := ref 0

n := degree modulus

nl := (n - 1)::N

ibasis:Matrix (RF) := zero(n, n)
invibasis:Matrix(RF) := copy ibasis
infbasis:Matrix (RF) 1= copy ibasis

invinfbasis:Matrix(RF):= copy ibasis

branchPointAtInfinity?() == (INIT; infBr?())
discriminant () == (INIT; discPoly())
integralBasis() == (INIT; vect ibasis)
integralBasisAtInfinity() == (INIT; vect infbasis)
integralMatrix () == (INIT; ibasis)

inverselIntegralMatrix () == (INIT; invibasis)
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integralMatrixAtInfinity() == (INIT; infbasis)
branchPoint?(a:F) == zero?((retract(discriminant () )@UP) a)
definingPolynomial() == modulus
inverseIntegralMatrixAtInfinity() == (INIT; invinfbasis)
vect m ==

[represents row(m, i) for i in minRowIndex m .. maxRowIndex m]

integralCoordinates f ==
splitDenominator(coordinates(f) * inverseIntegralMatrix())

knownInfBasis d ==
if deref brandNew? then
alpha := [monomial(l, d * i)$UP :: RF for i in 0..nl1]$Vector(RF)
ib := diagonalMatrix
[inv gelt(alpha, i) for i in minIndex alpha .. maxIndex alphal
invib := diagonalMatrix alpha
for i in minRowIndex ib .. maxRowIndex ib repeat
for j in minColIndex ib .. maxColIndex ib repeat
infbasis(i, j) 1= gelt(ib, i, j)
invinfbasis(i, j) := invib(i, j)
void

getInfBasis() ==
X := inv(monomial(1l, 1)$UP :: RF)
invmod := map(s +-> s(x), modulus)
r := mkIntegral invmod
degree(r.poly) "= n => error "Should not happen"
ninvmod:UP2 := map(s +-> retract(s)@UP, r.poly)
alpha := [(r.coef ** i) x for i in 0..nl]$Vector (RF)
invalpha := [inv gelt(alpha, i)
for i in minIndex alpha .. maxIndex alpha]$Vector (RF)
invib := integralBasis()$FunctionFieldIntegralBasis(UP, UP2,
SimpleAlgebraicExtension(UP, UP2, ninvmod))
for i in minRowIndex ibasis .. maxRowIndex ibasis repeat
for j in minColIndex ibasis .. maxColIndex ibasis repeat
infbasis(i, j) := ((invib.basis) (i,j) / invib.basisDen) x
invinfbasis(i, j) := ((invib.basisInv) (i, j)) x
ib2 := infbasis * diagonalMatrix alpha
invib2 := diagonalMatrix(invalpha) * invinfbasis
for i in minRowIndex ib2 .. maxRowIndex ib2 repeat
for j in minColIndex ibasis .. maxColIndex ibasis repeat
infbasis(i, j) 1= gelt(ib2, i, j)
invinfbasis(i, j) invib2(i, j)
void

startUp b ==
brandNew? ()
nmod : UP2
ib

b
map (retract, modulus)
integralBasis() $FunctionFieldIntegralBasis (UP, UP2,
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SimpleAlgebraicExtension(UP, UP2, nmod))
for i in minRowIndex ibasis .. maxRowIndex ibasis repeat
for j in minColIndex ibasis .. maxColIndex ibasis repeat
gsetelt_!(ibasis, i, j, (ib.basis)(i, j) / ib.basisDen)
invibasis(i, j) := ((ib.basisInv) (i, j))::RF
if zero?(infbasis(minRowIndex infbasis, minColIndex infbasis))
then getInfBasis()

ib2 := coordinates normalizeAtInfinity vect ibasis

invib2 := inverse(ib2)::Matrix(RF)

for i in minRowIndex ib2 .. maxRowIndex ib2 repeat
for j in minColIndex ib2 .. maxColIndex ib2 repeat

qelt(ib2, i, j)
invib2(i, j)

ibasis(i, j)
invibasis(i, j)

dsc := resultant(modulus, differentiate modulus)

dscO := dsc * determinant(infbasis) *x 2

degree (numer dsc0) > degree(denom dsc0O) =>error "Shouldn’t happen"
infBr?() := degree(numer dsc0) < degree(denom dscO)

dsc := dsc * determinant(ibasis) ** 2

discPoly() := primitivePart(numer dsc) / denom(dsc)

void

integralDerivationMatrix d ==

w := integralBasis()
splitDenominator(coordinates([differentiate(w.i, d)
for i in minIndex w .. maxIndex w]$Vector($))

* inverseIntegralMatrix())

integralRepresents(v, d) ==
represents(coordinates(represents(v, d)) * integralMatrix())

branchPoint?(p:UP) ==
INIT
(r:=retractIfCan(p)@Union(F,"failed")) case F =>branchPoint?(r::F)
not ground? gcd(retract(discriminant())@UP, p)

— ALGFF.dotabb —

"ALGFF" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ALGFF"]
"FFCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FFCAT"]
"ALGFF" -> "FFCAT"
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2.6 domain AN AlgebraicNumber

— AlgebraicNumber.input —

)set break resume

)sys rm -f AlgebraicNumber.output
)spool AlgebraicNumber.output
)set message test on

)set message auto off

)clear all

--S 1 of 1

)show AlgebraicNumber

--R AlgebraicNumber is a domain constructor

--R Abbreviation for AlgebraicNumber is AN

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for AN
--R

--R-- ---- Operations ----————————————————————————————
--R 7x7 : (Positivelnteger,%) -> % ?x7 : (Integer,%) —-> %

=R 7*? : (%, %) > % ?*? : (%,Fraction Integer) ->
--R 7*? : (Fraction Integer,%) -> % ?*x?7 : (J,PositiveInteger) -> 7
--R 7*x7 : (%,Integer) -> % ?x*%? : (,Fraction Integer) -> Y
--R 7+7 : (h,%) > % =7 h > %

--R 7-7 : Cb,%) > % /7 2 k) => %

--R 7<? : (%,%) —> Boolean 7<=? : (%,%h) —> Boolean

--R ?=? : (%,%) —-> Boolean ?>? : (%,%) -> Boolean

--R 7>=? : (%,%) —> Boolean D: % ->%

--R D : (%,NonNegativeInteger) -> ¥ 1: 0 —>%

RO : O —>1% 7?77 : (%,Positivelnteger) -> %
--R 7?77 : (%,Integer) -> % associates? : (%,%) —-> Boolean
--R belong? : BasicOperator -> Boolean box : List % -> %

--R box : % —> % coerce : Integer -> %

--R coerce : % —> % coerce : Fraction Integer -> %
--R coerce : Kernel % -> ¥ coerce : % —> OutputForm

--R convert : % -> Complex Float convert : % -> DoubleFloat

--R convert : % -> Float differentiate : % -> %

--R distribute : (4h,%) > % distribute : % > %

--R elt : (BasicOperator,%,%) -> % elt : (BasicOperator,%) -> %

--R eval : (%,List %,List %) —> % eval : (%, %h,h) —> %

--R eval : (%,Equation %) -> % eval : (%,List Equation %) -> %
--R eval : (%,Kernel %,%) -> % factor : % -> Factored %

--R freeO0f? : (J%,Symbol) -> Boolean free0f? : (%,%) -> Boolean

--R gcd : (%,%) > % ged : List % -> %

--R hash : % -> SingleInteger height : ) -> NonNegativeInteger
--R inv : % -> % is? : (%,Symbol) -> Boolean

--R kernel : (BasicOperator,%) -> % kernels : % -> List Kernel %

--R latex : % -> String lem @ (%, %) —> %
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--R lcm : List % -> % map : ((% -> %),Kernel %) -> %
--R max : (%,%) -> % min : (%, %) -> %

--R norm : (%,List Kermel %) -> % norm : (%,Kernel %) -> %

--R nthRoot : (%,Integer) -> % one? : % -> Boolean

--R paren : List % -> % paren : % > %

--R prime? : % -> Boolean ?quo? : (%, %) -> %

--R recip : % -> Union(%,"failed") reduce : % -> %

--R ?rem? : (%,%) -> % retract : % -> Fraction Integer
--R retract : % -> Integer retract : % -> Kernel %

--R rootOf : Polynomial % -> % rootsOf : Polynomial % -> List %
--R sample : () -> % sizeless? : (%,%) -> Boolean
--R sqrt : % > % squareFree : Y, -> Factored %

--R squareFreePart : % -> ¥ subst : (%,Equation %) -> %

--R tower : % -> List Kernel Y unit? : % -> Boolean

--R unitCanonical : % -> % zero? : } -> Boolean

--R zeroOf : Polynomial % -> % zerosOf : Polynomial % -> List %
--R ?7=? : (%,%) -> Boolean

--R 7%7? (NonNegativelInteger,%) -> %

--R ?7#*? : (%,NonNegativelnteger) -> %

--R ?°7? (%,NonNegativeInteger) -> 7

--R characteristic :
--R coerce :
--R definingPolynomial :

() -> NonNegativeInteger
SparseMultivariatePolynomial (Integer,Kernel %) -> %
%h => % if $ has RING

--R denom : % -> SparseMultivariatePolynomial(Integer,Kernel %)
--R differentiate (%,NonNegativeInteger) —-> %

--R divide : (%,%) -> Record(quotient: %,remainder: %)
--R elt (BasicOperator,List %) -> %

--R elt : (BasicOperator,%,%,%,%) —> %

--R elt : (BasicOperator,%,%,%) -> %

--R euclideanSize : % -> NonNegativelnteger

--R eval : (%,BasicOperator,(}% -> %)) -> %

--R eval : (%,BasicOperator,(List % -> %)) -> %

--R eval : (%,List BasicOperator,List (List % -> %)) -> %
--R eval : (%,List BasicOperator,List (% -> %)) -> %

--R eval : (%,Symbol, (% -> %)) -> %

--R eval : (%,Symbol, (List % -> %)) -> %

--R eval : (%,List Symbol,List (List % -> %)) -> %

--R eval : (%,List Symbol,List (% -> %)) -> %

--R eval : (%,List Kermel %,List %) -> %

--R even? : % -> Boolean if $ has RETRACT INT

--R expressIdealMember : (List %,%) -> Union(List %,"failed")

--R exquo : (%,%) -> Union(%,"failed")

--R extendedEuclidean : (%,%) -> Record(coefl: %,coef2: %,generator: %)

--R extendedEuclidean : (%,%,%) -> Union(Record(coefl: %,coef2: %),"failed")

--R gcdPolynomial : (SparseUnivariatePolynomial %,SparseUnivariatePolynomial %) -> SparseUnivariatePolyr
is? : (%,BasicOperator) -> Boolean

--R kernel : (BasicOperator,List %) -> %

--R mainKernel : % -> Union(Kernel %,"failed")

--R minPoly : Kernel % -> SparseUnivariatePolynomial % if $ has RING

--R multiEuclidean : (List %,%) -> Union(List %,"failed")
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--R norm : (SparseUnivariatePolynomial %,List Kernel %) -> SparseUnivariatePolynomial %
--R norm : (SparseUnivariatePolynomial %,Kernel %) -> SparseUnivariatePolynomial %

--R numer : % -> SparseMultivariatePolynomial (Integer,Kernel %)

--R 0dd? : % -> Boolean if $ has RETRACT INT

--R operator : BasicOperator -> BasicOperator

--R operators : J -> List BasicOperator

--R principalldeal : List % -> Record(coef: List J,generator: %)

--R reducedSystem : Matrix J -> Matrix Fraction Integer

--R reducedSystem : (Matrix %,Vector %) -> Record(mat: Matrix Fraction Integer,vec: Vector F:
--R reducedSystem : Matrix % -> Matrix Integer

--R reducedSystem : (Matrix %,Vector %) -> Record(mat: Matrix Integer,vec: Vector Integer)
--R retractIfCan : % -> Union(Fraction Integer,"failed")

--R retractIfCan : % -> Union(Integer,"failed")

--R retractIfCan : % -> Union(Kermel %,"failed")

--R rootOf : SparseUnivariatePolynomial % -> 7%

--R rootOf : (SparseUnivariatePolynomial %,Symbol) -> %

--R roots0f : SparseUnivariatePolynomial % -> List %

--R roots0f : (SparseUnivariatePolynomial %,Symbol) -> List 7%

--R subst : (%,List Kermel %,List %) -> %

--R subst : (%,List Equation %) -> %

--R subtractIfCan : (%,%) -> Union(%,"failed")

--R unitNormal : % -> Record(unit: %,canonical: %,associate: %)

--R zeroOf : SparseUnivariatePolynomial % -> ¥%

--R zeroOf : (SparseUnivariatePolynomial %,Symbol) -> 7%

--R zeros0f : SparseUnivariatePolynomial % -> List %

--R zerosOf : (SparseUnivariatePolynomial %,Symbol) -> List %

) spool
)1lisp (bye)

— AlgebraicNumber.help —

AlgebraicNumber examples

See Also:
o )show AlgebraicNumber
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2.6.1 AlgebraicNumber (AN)

AN

See

= “InnerAlgebraicNumber” (IAN) on page

Exports:
1
box
D
distribute
eval
extendedEuclidean
gedPolynomial
is?
lem
min
nthRoot
operator
principalldeal
retract
sample
squareFreePart
unit?
zeroOf
47
7<?
7>=7
7=

0
characteristic
definingPolynomial
divide

even?

factor

hash

kernel
mainKernel
minPoly
numer
operators
recip
retractIfCan
sizeLess?
subst
unitCanonical
zerosOf

-7

7<=7

777

associates?
coerce

denom

elt
expressldealMember
freeOf?

height

kernels

map
multiEuclidean
odd?

paren

reduce

rootOf

sqrt
subtractIfCan
unitNormal
7%7

?-7

=7

?quo?

— domain AN AlgebraicNumber —

)abbrev domain AN AlgebraicNumber
++ Author: James Davenport

++ Date Created: 9 October 1995
++ Date Last Updated: 10 October 1995 (JHD)
++ Keywords: algebraic, number.
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belong?
convert
differentiate
euclideanSize
exquo

ged

inv

latex

max

norm

one?

prime?
reducedSystem
rootsOf
squareFree
tower

zero?

TEXD

?/?

7>7

Trem?
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++ Description:
++ Algebraic closure of the rational numbers, with mathematical =

AlgebraicNumber(): Exports == Implementation where
Z  ==> Integer
P  ==> SparseMultivariatePolynomial(Z, Kernel %)

SUP ==> SparseUnivariatePolynomial

Exports ==> Join(ExpressionSpace, AlgebraicallyClosedField,
RetractableTo Z, RetractableTo Fraction Z,
LinearlyExplicitRingOver Z, RealConstant,
LinearlyExplicitRingOver Fraction Z,
CharacteristicZero,

ConvertibleTo Complex Float, DifferentialRing) with

coerce : P -> ¥

++ coerce(p) returns p viewed as an algebraic number.
numer : % -> P

++ numer (f) returns the numerator of f viewed as a

++ polynomial in the kermels over Z.
denom : % -> P

++ denom(f) returns the denominator of f viewed as a

++ polynomial in the kermels over Z.
reduce : % > %

++ reduce(f) simplifies all the unreduced algebraic numbers

++ present in f by applying their defining relationms.
norm : (SUP(%),Kernel %) -> SUP(%)

++ norm(p,k) computes the norm of the polynomial p

++ with respect to the extension generated by kernel k
norm : (SUP(%),List Kernel %) -> SUP(%)

++ norm(p,1l) computes the norm of the polynomial p

++ with respect to the extension generated by kernels 1
norm : (%,Kernel %) -> %

++ norm(f,k) computes the norm of the algebraic number f

++ with respect to the extension generated by kernel k
norm : (%,List Kernel %) -> %

++ norm(f,1) computes the norm of the algebraic number £

++ with respect to the extension generated by kernels 1

Implementation ==> InnerAlgebraicNumber add

Rep:=InnerAlgebraicNumber
a,b:%
zero? a == trueEqual(a::Rep,0::Rep)
one? a == trueEqual(a::Rep,1::Rep)
a=b == trueEqual((a-b)::Rep,0::Rep)

— AN.dotabb —
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"AN" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=AN"]
"ACF" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACF"]
IIANII _> IIACFII

2.7 domain ANON AnonymousFunction

— AnonymousFunction.input —

)set break resume

)sys rm -f AnonymousFunction.output
)spool AnonymousFunction.output
)set message test on

)set message auto off

Jclear all

--S1of1

)show AnonymousFunction

--R AnonymousFunction is a domain constructor

--R Abbreviation for AnonymousFunction is ANON

--R This constructor is not exposed in this frame.

--R Issue )edit bookvol1l0.3.pamphlet to see algebra source code for ANON
--R

- Operations --—-- -—=
--R ?=7 : (%,%) —-> Boolean coerce : % -> OutputForm
--R hash : % -> SingleInteger latex : ) -> String

--R ?7=? : (%,%) -> Boolean

--R

--E 1

) spool
)1lisp (bye)

— AnonymousFunction.help —

AnonymousFunction examples

See Also:
o )show AnonymousFunction

37
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2.7.1 AnonymousFunction (ANON)

ANON

Exports:
coerce hash latex 7=?7 ?7=7

— domain ANON AnonymousFunction —

)abbrev domain ANON AnonymousFunction

++ Author: Mark Botch

++ Description:

++ This domain implements anonymous functions

AnonymousFunction() :SetCategory == add
coerce(x:%) :OutputForm == x pretend OutputForm

— ANON.dotabb —

"ANON" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ANON"]
"BASTYPE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=BASTYPE"]
"KOERCE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=KOERCE"]
"ANON" -> "BASTYPE"

"ANON" -> "KOERCE"

2.8 domain ANTISYM AntiSymm

CHAPTER A
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— AntiSymm.input —

)set break resume

)sys rm -f AntiSymm.output
)spool AntiSymm.output
)set message test on

)set message auto off
)clear all

-—-S1of1

)show AntiSymm

--R AntiSymm(R: Ring,lVar: List Symbol) is a domain constructor

--R Abbreviation for AntiSymm is ANTISYM

--R This constructor is not exposed in this frame.

--R Issue )edit bookvol10.3.pamphlet to see algebra source code for ANTISYM

--R—-——— Operations ——-—————-=——=————=——-——————-————-——
--R ?7%? : R,%) -> % 7?7 ¢ (%0 >

--R 7%7 : (Integer,%) -> % ?x7 : (Positivelnteger,%) -> %
--R 7%x? : (%,Positivelnteger) -> ¥ 747 0 bR > %

--R 7-? : (%, %) > % -7 % > %

--R ?=? : (%,%h) —-> Boolean 1: 0 ->19%

R0 : O —>1 ?°? : (%,PositivelInteger) -> ¥
--R coefficient : (%,%) -> R coerce : R —> Y

--R coerce : Integer -> % coerce : % —> OutputForm

--R degree : J -> NonNegativeInteger exp : List Integer -> %

--R hash : % -> SingleInteger homogeneous? : J -> Boolean
--R latex : % -> String leadingBasisTerm : % -> %

--R leadingCoefficient : % -> R map : ((R -> R),%) -> %

--R one? : Y, -> Boolean recip : % -> Union(%,"failed")
--R reductum : % -> % retract : % -> R

--R retractable? : % -> Boolean sample : () -> ¥

--R zero? : % -> Boolean ?7=? : (%,%) —> Boolean

--R 7%?7 : (NonNegativeInteger,%) -> %

--R 7*x?7 : (%,NonNegativelnteger) -> %

--R 777 : (%,NonNegativeInteger) -> 7

--R characteristic : () -> NonNegativelnteger
--R generator : NonNegativeInteger -> ¥

--R retractIfCan : % -> Union(R,"failed")

--R subtractIfCan : (%,%) -> Union(%,"failed")

) spool
)1lisp (bye)

— AntiSymm.help —
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AntiSymm examples

See Also:
o )show AntiSymm

2.8.1 AntiSymm (ANTISYM)

ANTISYM

ALIST

See

= “ExtAlgBasis” (EAB) [6.81 on page [[T1]
= “DeRhamComplex” (DERHAM) £.6.1] on page

Exports:
1 0 coefficient coerce coerce
coerce degree exp hash homogeneous?
latex  leadingBasisTerm leadingCoefficient map one?
recip  reductum retract retractable?  sample
zero?  characteristic generator retractIfCan  subtractIfCan
77 PHED 747 7-7 -7
7=7 777 ?77=7

— domain ANTISYM AntiSymm —

)abbrev domain ANTISYM AntiSymm

++ Author: Larry A. Lambe

++ Date 1 01/26/91.

++ Revised : 30 Nov 94

++ Description:

++ The domain of antisymmetric polynomials.

AntiSymm(R:Ring, 1lVar:List Symbol): Export == Implement where
LALG ==> LeftAlgebra
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FMR ==> FM(R,EAB)

FM  ==> FreeModule

I ==> Integer

L ==> List

EAB ==> ExtAlgBasis -- these are exponents of basis elements in order
NNI ==> NonNegativeInteger

0 ==> QutputForm

base ==> k

coef ==> ¢

Term ==> Record(k:EAB,c:R)

Export == Join(LALG(R), RetractableTo(R)) with
leadingCoefficient : % -> R
++ leadingCoefficient(p) returns the leading
++ coefficient of antisymmetric polynomial p.
- leadingSupport A -> EAB
leadingBasisTerm A -> %
++ leadingBasisTerm(p) returns the leading
++ basis term of antisymmetric polynomial p.
reductum A > %
++ reductum(p), where p is an antisymmetric polynomial,
++ returns p minus the leading
++ term of p if p has at least two terms, and O otherwise.
coefficient G -> R
++ coefficient(p,u) returns the coefficient of
++ the term in p containing the basis term u if such
++ a term exists, and O otherwise.
++ Error: if the second argument u is not a basis element.
generator : NNI -> %
++ generator(n) returns the nth multiplicative generator,
++ a basis term.

exp : LI => %
++ exp([il,...in]) returns \spad{u_1\"{i_1} ... u_n\"{i_n}}
homogeneous? % -> Boolean

++ homogeneous?(p) tests if all of the terms of
++ p have the same degree.
retractable? A -> Boolean
++ retractable?(p) tests if p is a O-form,
++ i.e., if degree(p) = 0.

degree % -> NNI
++ degree(p) returns the homogeneous degree of p.
map : (R->R, %) > %

++ map(f,p) changes each coefficient of p by the
++ application of f.

-- 1 corresponds to the empty monomial Nul = [0,...,0]
- from EAB. 1In terms of the exterior algebra on X,
-- it corresponds to the identity element which lives
- in homogeneous degree 0.

41
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Implement == FMR add
Rep := L Term

x,y : EAB
a,b : %

r R

m I

dim := #1lVar

== [[ Nul(dim)$EAB, 1$R ]]

coefficient(a,u
not null u.rest => error "2nd argument must be a basis element"

x := u.first.base

for t in a repeat
if t.base = x then return t.coef
if t.base < x then return 0

retractable?(a) ==
null a or (a.first.k

retractIfCan(a) :Union(R,"failed") ==

null a

a.first.k = Nul(dim) => leadingCoefficient a

"faile

retract(a):

4"

null a => O$R

leadingCoefficient a

homogeneous? a ==
null a => true

siz :=

true

degree a ==

_+/exponents(a.first.base)
for ta in reductum a repeat
_+/exponents(ta.base)

null a => O$NNI

homogeneous? a => (_+/exponents(a.first.base))
error "not a homogeneous element"

zo : (I,
zo(p,q)
p=20
q=20

[0,0]

9]

=>
=>

-> LI

[1,q]
[1,1]

siz => return false

CHAPTER 2. CHAPTER A

:: NNI
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getsgn : (EAB,EAB) -> I
getsgn(x,y) ==

sgn:I :=0

xx:L I := exponents x

yy:L I := exponents y

for i in 1 .. (dim-1) repeat
Xx = rest xx

sgn := sgn + (_+/xx)*yy.i
sgn rem 2 = 0 => 1
-1

Nalpha: (EAB,EAB) -> L I
Nalpha(x,y) ==
i:I :=1
dum2:L I := [0 for i in 1..dim]
for j in 1..dim repeat
dum:=zo((exponents x).j, (exponents y).j)
(i:= i*dum.1) = 0 => leave
dum2.j := dum.2
i =0 => cons(i, dum2)
cons (getsgn(x,y), dum2)

a *x b ==
null a => 0
null b => 0

((null a.rest) and (a.first.k

((null b.rest) and (b.first.k

z:% :=0

for tb in b repeat

for ta in a repeat

stuff:=Nalpha(ta.base,tb.base)
r:=first(stuff)*ta.coef*tb.coef
if r "= 0 then z := z + [[rest(stuff)::EAB, rl]

Nul(dim))) => a.first.c * b
Nul(dim))) => b.first.c * a

coerce(r):% ==
r=0=>0
[ [Nul(dim), r] 1]

coerce(m):% ==
m=0=>0
[ [Nul(dim), m::R] ]

characteristic() == characteristic()$R

generator(j) ==
-- j <1or j>dim => error "your subscript is out of range"
-- error will be generated by dum.j if out of range
dum:L I := [0 for i in 1..dim]
dum. j:=1



[[dum: :EAB, 1::R]]

exp(1i: (L I)) == [[1i::EAB, 1]]
leadingBasisTerm a ==
[[a.first.k, 1]1]

displayList:EAB -> O
displayList(x):0 ==
le: L I := exponents(x)$EAB

reduce(_*,[(1Var.i)::0 for i in 1..dim | le.i

CHAPTER 2. CHAPTER A

11)$L(0)

reduce(_*,[(1Var.i)::0 for i in 1..dim | one?(le.i)])$L(0)

reduce(_*,[(1Var.i)::0 for i in 1..dim |

makeTerm: (R,EAB) -> 0O
makeTerm(r,x) ==
-— we know that r "= 0
x = Nul(dim)$EAB => r::0
one? r => displayList(x)
(r = 1) => displayList(x)
= 1 => displayList(x)
0 => 0$I::0
Nul(dim)$EAB => r::0
::0 * displayList(x)

r
r
X
r

coerce(a):0 ==
zero? a => 0$I::0
null rest(a @ Rep) =>
t := first(a @ Rep)

makeTerm(t.coef,t.base)

= DDILO

reduce(_+, [makeTerm(t.coef,t.base) for t in (a @ Rep)])$L(0)

— ANTISYM.dotabb —

2.9 domain ANY Any

— Any.input —

"ANTISYM" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ANTISYM"]
"ALIST" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ALIST"]
"ANTISYM" -> "ALIST"
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)set break resume
)sys rm -f Any.output
)spool Any.output
)set message test on
)set message auto off
)clear all

--S 1 of 18
a:Any := [1,2]

--R (D [1,2]
--E 1

--S 2 of 18
b:Any := [1,2]

--R  (2) [1,2]
--R
--E 2

--S 3 of 18
(a = b)@Boolean

--R (3) true
--R
--E 3

--S 4 of 18
c := [1,2]

--R (4 [1,2]
--R
--E 4

--S 5 of 18
typeOf a

--R

--R (5) Any
--E 5

--5 6 of 18

typeOf c
--R

Type: List PositiveInteger

Type: List Positivelnteger

Type: Boolean

Type: List PositiveInteger

Type: Domain
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--R (6) List Positivelnteger
--R Type: Domain
--E 6

--S 7 of 18
(a = c)@Boolean

--R Type: Boolean
-—-E 7

--S 8 of 18
b := [1,3]

--R Type: List PositiveInteger
--E 8

--S 9 of 18
(a = b)@Boolean

--R Type: Boolean
--E 9

--S 10 of 18
a := "A"

--R (10) nAM
--R Type: String
--E 10

--S 11 of 18

(a = b)@Boolean

--R (11) false
--R Type: Boolean
--E 11

--S 12 of 18
b = "A"

--R (12) wAM
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--R Type: String
--E 12

--S 13 of 18

(a = b)@Boolean

--R

--R

--R  (13) true

--R Type: Boolean
--E 13

--S 14 of 18

Sae := SAE(FRAC INT, UP(x, FRAC INT), x"2-3)

--R

--R

-k (14)

--R SimpleAlgebraicExtension(Fraction Integer,UnivariatePolynomial(x,Fraction Int
--R eger) ,x*x-3)

--R Type: Domain
--E 14

--S 15 of 18

a := generator()$Sae

--R

--R

--R  (15) x

--RType: SimpleAlgebraicExtension(Fraction Integer,UnivariatePolynomial(x,Fraction Integer) ,x*x-3)
--E 15

--S 16 of 18

b := generator()$Sae

--R

--R

--R (16) «x

--RType: SimpleAlgebraicExtension(Fraction Integer,UnivariatePolynomial(x,Fraction Integer) ,x*x-3)
--E 16

--S 17 of 18

(a = b)@Boolean

--R

--R

--R  (17) true

--R Type: Boolean
--E 17

--S 18 of 18

)show Any

--R

--R Any is a domain constructor
--R Abbreviation for Any is ANY
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--R This constructor is exposed in this frame.
--R Issue )edit bookvoll0.3.pamphlet to see algebra source code for ANY

--R-------———————-——-—————-——- Operations —-——---—————————————————————————-
--R ?=7 : (%,%) —-> Boolean any : (SExpression,None) -> %

--R coerce : % -> OutputForm dom : % -> SExpression

--R domainOf : % -> OutputForm hash : ) -> Singlelnteger

--R latex : % -> String obj : % -> None

--R objectO0f : % -> OutputForm ?7=? : (h,%) —> Boolean

--R showTypeInOutput : Boolean -> String

--R

--E 18

) spool

)lisp (bye)

— Any.help —

Any examples

Any implements a type that packages up objects and their types in
objects of Any. Roughly speaking that means that if s : S then when
converted to Any, the new object will include both the original object
and its type. This is a way of converting arbitrary objects into a
single type without losing any of the original information. Any object
can be converted to one of Any.

So we can convert a list to type Any

a:Any := [1,2]
[1,2]

and another list to type Any

b:Any := [1,2]
[1,2]

Equality works

(a = b)@Boolean
true

We can compare the Any type with other types:

c := [1,2]
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typeOf a
typeOf c

(a = c)@Boolean

If the values are differennt than we see the difference:

b := [1,3]
(1,3]

(a = b)@Boolean
false

The Any type works with many types:

a := "A"
npn

(a = b)@Boolean
false

b = "A"
npn

(a = b)@Boolean
t